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Numerical simulation on nuclear collisions are performed using the canonical-basis time-dependent
Hartree-Fock-Bogoliubov theory (Cb-TDHFB) in the three-dimensional coordinate space. Compar-
ing results of the Cb-TDHFB and the conventional time-dependent Hartree-Fock (TDHF) calcu-
lations, we study effects of the pairing correlation on fusion reaction of 22O+22O, 52Ca+52Ca, and
22O+52Ca, using the Skyrme SkM∗ functional and a contact-type pairing energy functional. Although
current results are yet preliminary, they may suggest that the pairing correlation could hinder the
fusion probability at energies in the vicinity of the Coulomb barrier height. We also perform a calcu-
lation for heavier nuclei, 96Zn+124Sn, which seems to suggest a similar hindrance effect.
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1. Introduction
The time-dependent Hartree-Fock theory (TDHF) is well-known as a useful tool to study nu-
clear dynamics. The studies of heavy-ion collision by using TDHF have been intensely performed
since 1970’s [1]. Recently, the TDHF calculation for the collision reaction with a realistic effective
interaction in the three-dimensional coordinate space representation has become feasible with the
help of the progress in computational power. However, the TDHF cannot describe effects of pairing
correlation which plays an important role in nuclear structure and low-energy excitations. The time-
dependent Hartree-Fock-Bogoliubov theory (TDHFB) is able to treat the static and dynamical pairing
correlation self-consistently. However, so far, no study of heavy-ion collision has been done using the
TDHFB with a modern effective interaction in the three-dimensional space, because of a number of
numerical difficulties and requirement of the huge computational resources. It should be noted that
there have been a number of recent efforts toward this direction [2, 3].
In order to study nuclear dynamics treating the pairing correlation, we proposed the canonical-
basis TDHFB (Cb-TDHFB) [4]. The Cb-TDHFB is derived from full TDHFB equations represented
in the canonical basis which diagonalize the density matrix, and using a BCS-like approximation for
the pairing functional. We confirmed the validity of Cb-TDHFB for the linear response calculations,
comparing the results with those of the quasi-particle random phase approximation which is a small
amplitude limit of the full TDHFB [4].
In this study, we apply the Cb-TDHFB to the heavy-ion collision for symmetric cases (22O+22O,
52Ca+52Ca) and for an asymmetric case (22O+52Ca). We also make a preliminary study for a heavier
case (96Zn+124Sn). The numerical simulation is performed in the three-dimensional Cartesian co-
ordinate space using the Skyrme effective interactions with the contact pairing functional. In Sec.2,
we introduce the Cb-TDHFB equations, and show the adopted pairing energy functional. Then, in
Sec.3, we discuss effects of the pairing correlation on the fusion reaction, by comparing results of the
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Cb-TDHFB with those of the TDHF.
2. Cb-TDHFB method
2.1 Cb-TDHFB equations and pairing functional
The Cb-TDHFB equations can be derived from the TDHFB equations with an approximation for
pairing functional [4]. According to the Block-Messiah theorem [5], the TDHFB state at any time can
be expressed in the canonical (BCS) form,
|Φ(t)〉 ≡
∏
l>0
(
ul(t) + vl(t)cˆ†l (t)cˆ†¯l (t)
)
|0〉, (1)
where ul(t), vl(t) are time-dependent BCS factors and {cˆ†l , cˆ†¯l } are creation operators of canonical pair
of states (l, ¯l). In general, the time-evolution of the canonical states are given by rather complex
equations. However, when the pair potential is diagonal, the equations are given in a simple form.
Thus, we only take into account the “diagonal” parts of the pair potential,
∆l(t) = −
∑
k>0
κk(t) ¯Vl¯l,k¯k(t) , (2)
where the pair probability κk(t) ≡ uk(t)vk(t) corresponds to the pair tensor κ(t) in the canonical-basis,
and ¯Vl¯l,k¯k are the anti-symmetric two-body matrix elements. Note that, since the canonical basis
themselves evolve in time, the two-body matrix elements ¯Vl¯l,k¯k depend on time as well. This leads to
the Cb-TDHFB equations with the pair potential of Eq.(2), as follows.
i~
∂φl(t)
∂t
=
{
ˆh(t) − ηl(t)} φl(t), i~∂φ¯l(t)
∂t
=
{
ˆh(t) − η
¯l(t)
}
φ
¯l(t),
i~
∂ρl(t)
∂t
= κl(t)∆∗l (t) − κ∗l (t)∆l(t),
i~
∂κl(t)
∂t
=
{
ηl(t) + η¯l(t)
}
κl(t) + ∆l(t){2ρl(t) − 1}, (3)
where ηl(t) ≡ 〈φl(t) | ˆh(t) | φl(t)〉 + i~〈∂φl∂t | φl(t)〉. The Cb-TDHFB equations determine the time
evolution of the canonical basis φl(t), φ¯l(t), the occupation probability ρl(t) ≡ |vl(t)|2, and the pair
probability κl(t). The equations conserve the orthonormal property of the canonical basis and the
average particle number. When we choose a special gauge condition ηl(t) = εl(t) = 〈φl(t)| ˆh(t) |φl(t)〉,
they also conserve the average total energy. At the static limit (∂φl/∂t = ∂ρl/∂t = ∂κl/∂t = 0), they
lead to HF+BCS ground state. A boosted HF+BCS state is used as the initial state (t = 0) of the time
evolution.
We introduce neutron-neutron and proton-proton BCS pairing of a zero-range contact type. The
BCS pairing matrix elements Vτl¯l,k¯k are written as
Vτl¯l,k¯k =
∫
dr1dr2
∑
σ1,σ2
φ∗l (r1, σ1)φ∗¯l (r2, σ2) ˆVτ(r1, σ1; r2, σ2)
×
[
φk(r1, σ1)φ¯k(r2, σ2) − φ¯k(r1, σ1)φk(r2, σ2)
]
. (4)
We introduce the spin-singlet contact interaction to Eq.(4):
ˆVτ(r1, σ1; r2, σ2) ≡ Vτp
1 − σˆ1 · σˆ2
4
δ(r1 − r2), (5)
where the superscript τ distinguishes neutron and proton channels, and Vτp is a strength of pairing
functional [8]. Here, we choose the simplest contact pairing functional (volume type) for simplicity.
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2.2 Numerical details
We calculate symmetric collisions, 22O+22O and 52Ca+52Ca, and an asymmetric collision 22O+
52Ca, using both the TDHF and Cb-TDHFB methods. We adopt the Skyrme energy density functional
of the SkM∗ parameter set. We first prepare the ground states of projectile and target nuclei. They
are obtained by performing the self-consistent HF and HF+BCS calculation. The center-of-mass
correction is neglected in the present calculation. Then, the initial state of the simulation is constructed
by locating these two wave functions (projectile and target) at a given impact parameter b and at
a relative distance H. The distance H should be large enough that they interact through only the
Coulomb interaction. We boost the wave functions with a given center-of-mass energy Ecm, and
calculate the time evolution according to Eq.(3).
We use the three-dimensional Cartesian coordinate-space representation for the canonical states,
φl(r, σ; t) = 〈r, σ | φl(t)〉 with σ = ±1/2. The ground-state wave functions are obtained in the cubic
box of (20 fm)3. These nuclei are selected because they have a spherical shape at the ground state
both in HF and HF+BCS calculations. The space for the TDHF and Cb-TDHFB calculations is a
rectangular box of 32 fm × 20 fm × 40 fm, discretized in the square mesh of ∆x = ∆y = ∆z = 1.0 fm.
In order to find the Coulomb barrier height, we also perform the calculation with the frozen
density approximation at various distances between the projectile and the target. The calculated values
of the Coulomb barrier height are 9 MeV, 49 MeV, and 21 MeV for 22O+22O and 52Ca+52Ca, and
22O+52Ca, respectively. In this study, we choose the center-of-mass collision energy Ecm near but
slightly higher than these values.
3. Results
3.1 Symmetric collisions : 22O+22O, 52Ca+52Ca
We simulate the 22O+22O collision with an incident energy Ecm =10 MeV. The initial distance H
between projectile and target is 20 fm along z-axis. The impact parameter is varied as b = 2.7∼3.1 fm
in the x-axis direction. In 22O, the neutrons are in the superfluid phase, while the protons are in the
normal phase. The neutron pairing strength Vn0 is defined to reproduce the experimental gap energy
obtained from the binding energies using the three-points formula. The average neutron gap energy
¯∆n ≡
∑
l>0 ∆
n
l /
∑
l>0 is 2.06 MeV.
The results for 22O+22O have been partially reported previously [6]. In Figs. 1 and 2 in Ref. [6],
the time evolution of neutron density distributions is presented for the 22O+22O collision with a
impact parameter b=3 fm in the simulations using TDHF and Cb-TDHFB. A remarkable difference
is observed between the results with and without pairing correlation. In the TDHF calculation, a neck-
like structure is formed leading to the fusion. In contrast, the neck formation does not take place in
the Cb-TDHFB, and they do not fuse.
In the case of Cb-TDHFB calculation, the results may depend on the initial choice of the gauge
angle. Namely, there is an additional degree of freedom for the phase of the pair-probability κl(t). To
investigate this, we change the phase of vl(t = 0) of projectile (or target) by an angle θ, as vl(0) →
vl(0)eiθ . Although we have not fully performed the investigation yet, for the cases that the relative
phase between projectile and target is θ = 0 and pi/4, we confirm that the results are almost invariant.
The fusion cross section σF can be evaluated using a semi-classical formula [7]:
σF(E) = pik2
Lmax∑
L=0
(2L + 1) = pi
k2
(Lmax + 1)2 (6)
where Lmax is the maximum angular momentum for the fusion, and is evaluated as Lmax ≡ kbmax with
the maximum impact parameter bmax and relative momentum k. The results for 22O+22O indicate
that the fusion cross section calculated in TDHF (Cb-TDHFB) is larger (less) than σF=11.79 pi fm2.
To investigate further the pairing effect, we test a slightly weakened strength of the pairing energy
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functional. We have found that the fusion cross section in the weak pairing strength is lager than σF
with the original strength. These seem to indicate that the pairing correlation has a “repulsive” effect
in the fusion reaction.
Next, let us discuss the heavier symmetric case of 52Ca+52Ca. Again, only the neutrons are in
the superfluid phase with an average gap energy of ¯∆n = 1.86 MeV. We choose the collision energy
Ecm = 51.5 MeV, and vary the impact parameter as b =2.2∼2.6 fm. In Fig. 1, we show the time
evolution of the neutron density distribution in the xz-plane. Before two nuclei touch (panels (a) and
(b)), the TDHF and Cb-TDHFB simulations show almost same behavior. After the touching point,
in Fig. 1 (c), the difference appears in the neutron-density distribution. As is indicated in Fig. 1 (d),
two nuclei fuse in the TDHF while they do not in the Cb-TDHFB calculation. This is consistent with
the case of 22O+22O, though the difference in σF between TDHF and Cb-TDHFB is smaller than the
case of 22O. In particular, the difference at the 22O simulation is 1.33 pi fm2 (TDHF : Cb-TDHFB =
11.79 : 10.46), and for the 52Ca it is 0.28 pi fm2 (TDHF : Cb-TDHFB = 6.78 : 6.50).
Fig. 1. (color on-line) Neutron density distributions of xz-plane in 52Ca+52Ca collision at t=(a)9.86,
(b)246.66, (c)690.64 and (d)986.63 fm/c. Upper and lower panels indicate results of TDHF and Cb-TDHFB
simulation with Ecm=51.5 MeV and b=2.45 fm, respectively.
3.2 Asymmetric collision : 22O+52Ca
Next, we study the 22O+52Ca collision. The Ecm is taken as 25 MeV in this case. The range of the
impact parameter is from 3.0 to 4.5 fm. The pairing strength is chosen to be the average value between
22O and 52Ca, ¯Vnp(22O+52 Ca) ≡ (Vnp(22O)+Vnp(52Ca))/2. This produces the average gap energy larger
(smaller) than the experimental value for 22O (52Ca). Figure 2 shows the neutron density distributions
same as Fig. 1 but for 22O+52Ca. We can see again a repulsive effect of pairing correlation in the
fusion reaction.
3.3 Collision of heavy nuclei : 96Zr+124Sn
It is known that the fusion reaction is hindered for heavier systems, when the charge product
of projectile and target is larger than about 1600, ZPZT > 1600. Here, we show our preliminary
results for the head-on collision (b = 0) of 96Zr+124Sn (ZPZT=2000). In this preliminary study, the
pairing strength is not yet well tuned so that the calculated average neutron gaps, ¯∆n = 2.73 MeV
for 96Zr and 2.42 MeV for 124Sn, are about twice larger than the experimental values. The SLy4d
energy functional is adopted in this calculation. For 124Sn, the calculated HF ground state no longer
has a spherical shape, but has an oblate shape (β ∼ −0.1). Here, we choose the orientation that the
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Fig. 2. (color on-line) Same as Fig. 1, but for 22O+52Ca collision at t=(a)9.86, (b)394.4 and (c)788.8 fm/c.
Ecm=25 MeV and b=4.1 fm.
symmetry axis of 124Sn is perpendicular to the collision direction. This produce the barrier height
almost identical to that in the Cb-TDHFB calculation with spherical 124Sn. We only calculate the
head-on collision (b = 0) in the rectangular box of 20 fm × 20 fm × 50 fm.
Figure 3 shows the snap shots of neutron density distribution for this case. The panels (a-c) show
the neutron density at t ≈ 10 fm/c, t ≈ 150 fm/c (touching), and t ≈ 500 fm/c (neck formation).
In this simulation, the system does not fuse. The panel (d) shows the density profile for the scission
point. Although the obtained shapes in these panels are rather similar between TDHF and Cb-TDHFB
calculations, we find a remarkable difference of the time duration from (b) to (d). In the Cb-TDHFB
calculation, the two nuclei departs again at t ≈ 1000 fm/c, while it happens at t ≈ 2000 fm/c in
the TDHF. Although this result is still in a preliminary stage, our results indicate that the impact of
pairing correlation exists in the heavier systems with the fusion hindrance (ZPZT > 1600).
Fig. 3. (color on-line) Same as Fig. 1, but for 96Zr+124Sn head on collision with Ecm=227.7 MeV. See the
text for details.
4. Summary
We performed numerical simulations for the nuclear collisions of symmetric combinations (22O+
22O, 52Ca+52Ca), and the asymmetric one (22O+52Ca), using the Cb-TDHFB theory including nuclear
pairing correlation, in the three-dimensional Cartesian coordinate space. Comparing the results with
those of the TDHF, we discussed the impact of pairing correlations in the low-energy nuclear reaction
in the vicinity of the Coulomb barrier.
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In these cases, we have found that the fusion cross section obtained in Cb-TDHFB simulation is
smaller than those of TDHF. These results may indicate the pairing correlation may hinder the nuclear
fusion probability. However, in the Cb-TDHFB calculations, since we should check the initial gauge
angle dependence in more details, our conclusion is still preliminary yet.
A calculation for 96Zr+124Sn also shows an interesting difference between TDHF and Cb-TDHFB.
In both cases, the two nuclei do not fuse. However, in the Cb-TDHFB calculation, the two nuclei stay
together for much shorter time period. This should be investigated further in future.
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